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Satisfiability and matchings in bipartite graphs: relationship
and tractability

Belaid Benhamou

Abstract. Satisfiability problem is the task to establish either a given CNF logical formula admits a
model or not. It is known to be the canonical NP-complete problem. We study in this note the relationship
between matchings in bipartite graphs and the satisfiability problem, and prove that some restrictions of
formulae including the known r-r-SAT1 class are trivially satisfiable. We present an algorithm which
finds a model for such formulas in polynomial time complexity if one exists or, failing this, proves in
polynomial time complexity that the current formula is not an element of the restricted class.

Satisfacibilidad y equiparación en grafos bipartitos: relaciones y
tratabilidad

Resumen. El problema de la satisfacibilidad consiste en establecer si una f´ormula lógica CNF dada
admite o no un modelo. Se conoce como el problema can´onico NP completo. En este trabajo se estudia
la relación entre las equiparaci´on en grafos bipartitos y el problema de la satisfacibilidad y se demuestra
que algunas restricciones de las f´ormulas, entre ellas la clase conocida r-r-SAT, son satisfacibles de forma
trivial. Se presenta un algoritmo que encuentra, si existe, un modelo para tales f´ormulas en tiempo
polinomial y, en su defecto, demuestra, tambi´en en tiempo polinomial, que la f´ormula actual no es un
elemento de la clase restringida.

1. Introduction

Cook [6] has shown that 3-SAT, the boolean satisfiability problem restricted to instances with exactly three
variables per clause, is NP-complete. However, some restrictions of the SAT problem are Known to be
tractable. Among them 2-SAT and Horn-SAT2 instances. Also, we can find in [1, 19, 18, 23, 15] differ-
ent good algorithms which recognize Horn-Renaming-SAT3 instances and in [13, 20, 7] methods which
check their satisfiability in a linear time complexity. More general classes are the Q-Horn class introduced
in [8, 10, 9] which mixes both 2-SAT and Horn-SAT instances and the Galo and Scutella hierarchy[12].
Genisson and Rauzy showed in [21] that most of the previous restrictions are polynomial for the Davis and
Putnam procedure.

Horowitz and Sahni [16] discussed the importance of finding possible restrictions under which a prob-
lem remain NP-complete. Tovey in [22] reduced 3-SAT to 3-SAT where each variable appears in at most
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1r-s-SAT: denotes the class of instances with exactly� variables per clause and at most� occurrences per variable.
2Horn-SAT: is the set of SAT instances which contain only horn clauses.
3Horn-renaming-SAT: is the set of instances which become Horn-SAT after renaming some variables.
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four clauses (notation 3-4-SAT), he showed that the stronger restriction is 3-4-SAT and 3-3-SAT or r-r-SAT
in general is in fact trivial.

In this note we discuss the relationship between the Satisfiability problem and matchings in bipartite
graphs. We give a new representation for the satisfiability problem by using bipartite graphs. We show that
some restricted instances of the SAT problem form a polynomial class and prove that the r-r-SAT class of
Tovey is asub-class of that polynomial class . Let��� ��� denote a SAT instance where� is the set of
clauses and�� the set of variables occurring in�. We prove that the instance��� ��� is trivially satisfiable
when the cardinal of each subset of clauses� of � is less than or equal to the one of its corresponding
variable subset�� (i.e. if � � � 4 �� �� � for all � � �, then��� ��� is trivially satisfiable). We present
an algorithm which either finds a model, if one exists, or failing this, finds a subset� � � such that
� � ��� �� � with a worst case complexity of order��� � ���. This proves that the class of SAT instances
� � ���� ���� � � ��� �� � for all � � �� is in P. Further, we show that each instance��� ��� � r-r-SAT
satisfies the condition� � ��� �� � for all � � � of the class�. Thus, r-r-SAT is a subclass of�.

The rest of this note is organized as follows. Section 2. gives the relationship between Boolean Satis-
fiability problem and matching theory in bipartite graphs. In Section 3., we show that the class� is in P
and prove that r-r-SAT is a subclass of�. In Section 4. we study an extended class� which contains the
class�. Some experiment on random SAT instances are done in Section 5. to estimate both classes� and
� . Section 6. concludes the work.

2. Satisfiability and matchings in bipartite graphs

First we give some graph theory definitions that we shall use to prove our results on the Satisfiability
problem. A graph is a statement� � �	�
� in which	 is the set of vertices and
 the set of edges drawn
between pairs of vertices of	 . For any subset� of vertices in�, we define the neighbor set of� in � to
be the set of all vertices adjacent to vertices in�; this set is denoted by�����.

A subset� � 
 is called a matching in� if its elements are links and no two of them are adjacent
in �. A matching� saturates a vertex, and is said to be M-saturated, if some edge of� is incident
with ; otherwise, is M-unsaturated. A subset	 of vertices is M-saturated if only if each vertex in	
is M-saturated. The matching is perfect when all the vertices in� are M-saturated; it is said maximum if
� has no matching�

�

, such that� �
�

��� � �. An M-alternating path in� is a path whose edges are
alternatively in
�� and in� . An M-augmenting path is an M-alternating path whose origin and terminus
are M-unsaturated.

Definition 1 Let 	 and � be subsets of vertices in a graph G, then
� � �	���
� is a bipartite graph if only if the following conditions hold :

1. The pair �	�� � defines a bipartition of the vertex set in G,

2. Each edge is drawn between two vertices of the different subsets of vertices,
i.e 
 � ���� � ��� ��� � � 	 ���� � � � �.

Suppose, now that� is a bipartite graph with a bipartition�	�� �, in many applications one wishes
to find a matching of� that saturates every vertex in	 ; an example is the personnel assignment problem
which consists in assigning in a company� workers to� jobs, such that each worker is assigned to exactly
one job among those he is qualified for.

We show in the sequel how to express SAT instances as bipartite graphs and how to adapt the notion of
matchings to prove their satisfiability.

Proposition 1 Each SAT instance ��� ��� where � is the set of clauses and �� its set of variables is
represented by a bipartite graph.

4� � � : is the cardinal of the set C

56



Satisfiability

PROOF. Consider the graph� � ��� �� � 
� in which � is the set of vertices corresponding to the
clauses (called clause-vertices) and�� the set of vertices corresponding to the variables (called variable-
vertices) and
 the set of edges drawn between clause vertices and its variable vertices. There will be a
link between a vertex� � � and a vertex � �� if and only if the variable appears in the clause� (by
’appears’ we mean that it or its negation is in the clause). By construction,� is a bipartite graph.

Definition 2 The bipartite graph � � ��� �� � 
� corresponding to a SAT instance ��� ��� is its SAT-
graph

Definition 3 A matching in a SAT-graph � � ��� �� � 
� is a set of edges defined between the clause-
vertices of � and the variable-vertices of �� such that no variable is saturated in both parities positive and
negative.

Example 1 Let’s ��� ��� � ��� � ���� �� � 	���� �� � ���� be a SAT instance where �=���� ��� ���
and ��=��� �� ��. Its SAT-graph is the following:
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The literals� and	� are in a potatoe because they define the same variable vertex. The set� �
����� ��� ����	��� ���� ��� defines a matching for the previous SAT-graph which saturates the set of clause
vertices�, but the set�=����� ��� ����	��� ���� ��� is not a matching, since it saturates both� and	� at
the same time.

Definition 4 A matching M in a SAT-graph G=��� �� � 
� satisfies the corresponding instance ��� ��� if
only if each clause in � has at least one of its variable-vertices M-saturated.

See that the matching M=����� ��� ����	��� satisfies (is a model of) the instance of the example 1, but
does not saturate the set of clauses, since�� is not M-saturated.

We prove in the following that to find a matching in a SAT-graph� � ��� �� � 
� which satisfies��� ���
is not an easy problem and is in fact NP-complete.

Theorem 1 The problem of deciding existence of a matching in a SAT-graph � � ��� �� � 
� which
satisfies the instance ��� ��� is NP-complete.

PROOF. The proof consists in reducing the satisfiability problem decision of an instance��� � �� to the
problem of existence of a matching in the SAT-graph� � ��� �� � 
� which satisfies��� ���. The reduction
consists in representing each clause in� of the instance��� ��� by a clause vertex in the corresponding
SAT-graph� � ��� �� � 
� , and then draw edges from the clause vertex to each of its variables (variables
vertices in the SAT-graph). Clearly, there will be at most� � � � edges if� is the maximum size of the clauses
in �. Thus, we get a polynomial reduction whose complexity is
�� � � �� in the worst case. On other
hand it is clear that proving satisfiability of��� ��� is equivalent to showing existence of a matching in the
corresponding SAT-graph� � ��� �� � 
� which satisfies��� ���. The last problem is then NP-complete
(QED).

Proposition 2 Let ��� ��� be a SAT instance and � � ��� �� � 
� its corresponding SAT-graph, if � has
a matching which saturates � then the instance ��� ��� is satisfiable.
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PROOF. Suppose that� is a matching in� which saturates�, then each clause vertex in� is linked
with a different variable vertex of�� . Thus, a trivial model of the instance��� ��� is to take each variable
of the matching in its parity positive-negative as it appeared in the clause it is matched with.

Remark 1 A matching of a SAT-graph � � ��� �� � 
� which saturates � satisfies the instance ��� ���,
but the converse is in general false.

3. A tractable restriction of SAT, the class �

Let us now use the notion of matching in SAT-graphs to prove that some instances are trivially satisfiable.
Before doing this, we summarize a main theorem of Berge [2] which we will use to prove some results on
satisfiability.

Theorem 2 A matching � of a graph � is a maximum matching if and only if � contains no M-
augmenting path.

PROOF. See Berge [2].
Now we give a result on the satisfiability problem which is based on the property of Matchings in

bipartite graphs given by P. Hall [14].

Theorem 3 Let ��� ��� be a SAT instance, if � �� ��� � � for each � � � then ��� ��� is satisfiable.

PROOF. Let� � ��� �� � 
� be the SAT-graph corresponding to the instance��� ���, we shall prove
that under the condition:� �� ��� � � for each� � � (1), there exists a matching saturating the clause
vertex set�. Conversely, suppose that� satisfies the condition (1), but� contains no matching saturat-
ing all the clause vertices of�. We shall then obtain a contradiction. Let�

�

be a maximum matching
in �; by our supposition,�

�

does not saturate all the vertices in�. Let � be an�
�

-unsaturated clause
vertex in�, and let� denote the set of all vertices connected to� by�

�

-alternating paths. Since�
�

is a
maximum matching, it follows from theorem 2 that� is the only�

�

-unsaturated clause vertex in�. Set
� � � � � and�� � � � �� , clearly, the clauses in��� are matched under�

�

with the variables in��
since every variable vertex in�� is connected to the clause� by an�

�

-alternating path and�
�

is a maxi-
mum matching. Therefore� �� ��� � � �, then� �� ��� � � and this contradict the assumption (1), QED.

The above proof provides the basis of a good algorithm (see figure 1) for finding a model for SAT
instances��� ��� satisfying the condition of the previous theorem (i.e.� �� ��� � � for each� � �), or
failing this, shows in a polynomial time complexity that the condition of theorem 3 doesn’t hold.

The method uses the same principle as the search method for matchings in bipartite graphs [17]. The ba-
sic idea is very simple. We start with an arbitrary partial matching� . If � saturates all the clause-vertices
in � , then it is a model of��� ���, since each clause in� will be satisfied when we take in� each variable
in its parity positive-negative as it appears in the linked clause of� . If not, we choose an� -unsaturated
clause-vertex� in � and systematically search for an� -augmenting path in the graph� � ��� � � � 
� with
the origin� ( Edmonds in [11], suggested the first method). The search method of figure 1, finds such a
path� if one exists; in this case�

�

� ��5
�� � is a larger matching and saturates more clauses in�.
We then repeat the procedure with�

�

instead of� .
If such a path does not exist, the set� of all vertices which are connected to the clause-vertex� by� -

alternating paths is found. Then (as in the proof of the previous theorem)� � � �� satisfies the condition
� �� ��� � � which violates the conditions of the theorem 3.

Correctness and Complexity: correctness of the algorithm of figure 1 is guaranteed by theorem 3. This
algorithm can run at most� � � times the step 3 before finding either a set� � � such that� �� ��� � � or

5�: is the symmetric difference
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Procedure (1) model-search(��� ���: a Sat instance represented by its Sat-graph)
Input: an instance��� ��� represented by its Sat-graph.
Output: a model for��� ���, otherwise a set� � � such that� �� ��� � �.

1. Start with an arbitrary matching� .

2. If � saturates every clause vertex in�, then it is a solution, stop. Otherwise, let� be an� -
unsaturated clause in�. Set� � ��� and� � �.

3. If � �� ��� � � then� �� ��� � �, since� � ��� � � �, stop the condition of theorem 3 doesn’t
hold. Otherwise, let � ���� .

4. If  is M-saturated (linked with�
�

), let ��
�

� � �� , replace� by� � ��
�

� and� by� � �� and go
to step 3. Otherwise, let� be an� -augmenting��� �-path. Replace� by�

�

� ��
�� � and
go to step 2.

Figure 1. Procedure 1: matching saturation algorithm

an� -augmenting path, and since the initial matching (step 2) can be augmented at most� � � times before
the solution (� is� -saturated) is found, it is clear that the method is a good algorithm and its complexity
in the worst case is
�� � ���. Then We proved the following result:

Proposition 3 The problem of deciding satisfiability of a SAT instance in the class
� = ���� ���� � �� ��� � �, for each � � �� is polynomial (notation � � � ).

PROOF. The algorithm of figure 1 finds a model in a polynomial time complexity when the instance
is in �. Otherwise, the same algorithm proves in a polynomial time complexity that the instance is not in
�.

Now we show that the r-r-SAT class is a sub-class of the class�. Before doing this, we need to prove
the following proposition:

Proposition 4 Let ��� ��� be a SAT instance, � � �,  � �� , ������� the size of the clause � (i.e. the
number of variable in the clause) and ����� the number of occurrences of the variable  in � .
If �

�

� ���� ���� �������������� �  ������ ��������, then �
�

� �.

PROOF. We prove that under the condition: �������������� �  ������ �������, each subset
� � � satisfies the condition� �� ��� � � (the condition of theorem 3). Set �������������� � � and let
� be a subset of�, then �

���

������� � � � � � ����

On other hand, �

����

����� �
�

���

������� ����

because the clauses of� are formed by the variables of�� which can eventually appear in clauses of���.
We deduce from (1) and (2) the following:

�

����

����� � � � � � ����

As �  � �� , we have� � ����� � �, then we get the following:
�

����

����� � � � �� � �	��

From (3) and (4) we deduce:� � �� �� � � � �, and then� �� ��� � �, QED.
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Remark 2 The instances of �
�

are trivially satisfiable, since �
�

� �.

We show now that the class� includes Tovey’s r-r-SATclass:

Proposition 5 r-r-SAT � �
�

� �

PROOF. The class r-r-SAT is a restriction of the class�
�

to instances whose clauses are exactly of
size� and the maximum of occurrences of the variables is�. Clearly the condition� �� ������������ �
 ������ �������� of proposition 4 holds for each instance of r-r-SAT, thus r-r-SAT is a sub-class of�

�

which is itself a sub-class of the class�.

4. A tractable extension of the class �, the class �

Until now, we identified polynomial classes in which each variable is matched with a different and a single
clause. Here, we extend the algorithm of figure 1. by considering matchings which satisfy the set of clauses,
rather than the only ones which saturate it.

Example 2 Let’s ��� ��� � ��� 
 � � �� �� 
 	� � �� �� 
 	� � �� be a SAT instance where �=���� ��� ���
and ��=��� �� ��.

We can see that the matching M=����� ��� ���� ��� satisfies all the clauses of�, it is then a model of
the instance��� ���. However, there is no matching which saturates the set of clauses�. It is then more
important to search matchings statisfying the set of clauses than searching only the ones saturating it.

Eventhough the problem of existance of matchings in a SAT-graph which satisfy the set of clauses is
NP-complete in general case, there are some restrictions for which it remains polynomial. That is what we
will show in the sequel by generalizing the procedure of figure 1. as follows.

Procedure (2) model-search(��� ���: a Sat instance represented by its Sat-graph)
Input: an instance��� ��� represented by its Sat-graph.
Output: a model for��� ���, otherwise a set� � � such that� �� ��� � �.

1. Start with an arbitrary matching� .

2. If� satisfies every clause vertex in�, then it is a solution, stop. Otherwise, let� be an� -unsatisfied
clause in�. Set� � ��� and� � �.

3. If � �� ��� � � then� �� ��� � �, since� � ��� � � �, stop the condition of theorem 3 doesn’t
hold. Otherwise, let � ���� .

4. If  is M-saturated (linked with�
�

), let ��
�

� � �� , replace� by� � ��
�

� and� by� � �� and go
to step 3. Otherwise, let� be an� -augmenting��� �-path. Replace� by�

�

� ��
�� � and
go to step 2.

Figure 2. Procedure 2: matching satisfaction algorithm

The extend algorithm of figure 2 is obtained from the first algorithm (figure 1) by changing the saturation
check of step 2 by a check of satisfiability.

Proposition 6 If � is the set of instances shown to be satisfiable by the extended algorithm, then � � �

PROOF. Procedure (2) is an extension of procedure (1), since it computes matchings which satisfy
the set of clauses and which include the ones saturating it. Procedure (1) deals only with matchings which
saturate the set of clauses, thus� � � .
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Proposition 7 � � � � �

PROOF. It is easy to see that the algorithm of figure 2 has the same complexity as the one of figure 1
which is of order
�� � ���. As � had been shown to be a subset of� , the result holds.

5. Experiments

We give in this section an estimation of the classes� and� on random SAT instances. Both procedures (1
and 2) are tested on 3-SAT random generated instances where the number of variables is fixed to 200 and
where the ratio (�

�
) of the number of clauses� to the number of variables varies from 0 to 4 (by a step of

0.5). A sample of 200 random instances are tested on each point. It is well known that the hard instances
are those having ratios close to the critical value 4.25 (�

�
� 	!��) corresponding to the transition phase (see

[3]). Problems having ratios less than 4.25 are all most satisfiable and those having greater ratios are all
most unsatisfiable. Only satisfiable instances are considered in our experiments (�

�
� 	).

�

��

�	

��

��

�

� �� � �� � �� � �� 	

������������
������������

�����������������
�

�

�
�
�������������������

�

Figure 3. Evaluation of both classes � and � .

Figure 3 shows the results. The curves represent the rate of solved instances with respect to the ratio (�

�
)

for both methods encoded by procedure 1 and procedure 2. Each curve expresses the success probability of
the corresponding method in solving an instance. We can see that the procedure 1 solves only the instances
whose ratios are less than 1. The class� is limited to the instances satisfying�

�
� �. However, procedure

2 solves about 50 percent of instances whose ratios is greater than 1 in addition to that instances solved by
the procedure 1. Procedure 2 is an interesting extension of the procedure 1, giving the extended class�
which includes�. It will be important to use the procedure 2 to define new SAT local search methods. We
are looking to do that in future.

6. Conclusion

We proved in this note that SAT instances can be seen as bipartite graphs, the satisfiability problem is equiv-
alent to matching search in a SAT-graph. Matchings properties are used to prove results on the satisfiability
problem tractability. We proved that some SAT instances are trivially satisfiable and the class r-r-SAT of
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Tovey is asub-class of these instances. Two polynomial model search algorithms are given. These meth-
ods find a model if one exists, otherwise they prove efficiently that the instance is not an element of the
considered sub-class. Further investigations will consist in providing a new local SAT search algorithm by
adapting the matching satisfiability algorithm (procedure 2) of figure 2. It is important to implement a such
method and compare it to other existing methods of local search like GSAT [4] or Tabu search [5].

Acknowledgement. To the memory of Claire Rauzy, her advises and help in the graph theory had
been very useful for this work. Many thanks to the reviewers for their good remarks.
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