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Weighted boundedness for multilinear singular integral
operators with non-smooth kernels on Morrey spaces

Zhou Xiaosha and Liu Lanzhe

Abstract In this paper, we prove some weighted boundedness for the multilinear operators related to
some singular integral operators with non-smooth kernels on the generalized Morrey spaces by using a
sharp function estimate of the multilinear operators.

Acotaciones ponderadas para operadores integrales singul ares
multilineales con núcleos no suaves en espacios de Morrey

Resumen. En este artı́culo se utiliza una función de estimación precisa de operadores multilineales
con la que se prueban algunas acotaciones ponderadas para operadores multilineales relacionados con
operadores integrales singulares con núcleos no suaves enespacios de Morrey generalizados.

1 Preliminaries and Main Result

As the development of the Calderón-Zygmund singular integral operators, their commutators and multilin-
ear operators have been well studied (see [2–5, 7, 11]). In [14], Hu and Yang proved a variant sharp function
estimate for the multilinear singular integral operators.In [18–20], C. Pérez, G. Pradolini and R. Trujillo-
González obtained a sharp weighted estimates for the singular integral operators and their commutators.
The main purpose of this paper is to study the multilinear singular integral operators with non-smooth
kernels as follows.

Definition 1. A family of operatorsDt, t > 0 is said to be anapproximation to the identityif, for every
t > 0, Dt can be represented by a kernelat(x, y) in the following sense:

Dt(f)(x) =

∫

Rn

at(x, y)f(y) dy
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for everyf ∈ Lp(Rn) with p ≥ 1, andat(x, y) satisfies:

|at(x, y)| ≤ ht(x, y) = Ct−n/2s(|x − y|2/t),

wheres is a positive, bounded and decreasing function satisfying

lim
r→∞

rn+ǫs(r2) = 0

for someǫ > 0.

Definition 2. A linear operatorT is called a singular integral operator with non-smooth kernels if T is
bounded onL2(Rn) and associated with a kernelK(x, y) such that

T (f)(x) =

∫

Rn

K(x, y)f(y) dy

for every continuous functionf with compact support, and for almost allx not in the support off .

(1) There exists an “approximation to the identity”{Bt, t > 0} such thatTBt has the associated kernel
kt(x, y) and there existc1, c2 > 0 so that

∫

|x−y|>c1t1/2

|K(x, y) − kt(x, y)| dx ≤ c2 for all y ∈ R
n.

(2) There exists an “approximation to the identity”{At, t > 0} such thatAtT has the associated kernel
Kt(x, y) which satisfies

|Kt(x, y)| ≤ c4t
−n/2 if |x − y| ≤ c3t

1/2,

and
|K(x, y) − Kt(x, y)| ≤ c4t

δ/2|x − y|−n−δ if |x − y| ≥ c3t
1/2,

for somec3, c4 > 0, δ > 0.
Let mj be the positive integers (j = 1, . . . , l), m1 + · · · + ml = m andbj be the functions onRn

(j = 1, . . . , l). Set, for1 ≤ j ≤ m,

Rmj+1(bj ; x, y) = bj(x) −
∑

|α|≤mj

1

α!
Dαbj(y)(x − y)α.

The multilinear operator associated toT is defined by

T b(f)(x) =

∫

Rn

∏l
j=1 Rmj+1(bj ; x, y)

|x − y|m K(x, y)f(y) dy.

Note that whenm = 0, T b is just the multilinear commutator generated byT andb (see [19, 20]).
While whenm > 0, T b is a non-trivial generalization of the commutator. It is well known that multilinear
operators are of great interest in harmonic analysis and have been widely studied by many authors (see [2–
5]). In [12, 15], the boundedness of the singular integral operator with non-smooth kernel are obtained.
In [8], the boundedness of the commutator associated to the singular integral operator with non-smooth
kernel are obtained. Our works is motivated by these papers.

Now, let us introduce some notations. Throughout this paper, Q = Q(x, r) will denote a cube ofRn

with sides parallel to the axes and center atx and edge isr. For any locally integrable functionf , the sharp
function off is defined by

f#(x) = sup
Q∋x

1

|Q|

∫

Q

|f(y) − fQ| dy,
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where, and in what follows,fQ = |Q|−1
∫

Q f(x) dx. It is well-known that (see [13])

f#(x) ≈ sup
Q∋x

inf
c∈C

1

|Q|

∫

Q

|f(y) − c| dy

and
‖b − b2kQ‖BMO ≤ Ck‖b‖BMO for k ≥ 1.

We say thatf belongs toBMO(Rn) if f# belongs toL∞(Rn) and|f‖BMO = |f#‖L∞ . Let M be the
Hardy-Littlewood maximal operator defined by

M(f)(x) = sup
Q∋x

|Q|−1

∫

Q

|f(y)| dy,

and we write thatMp(f) = (M(fp))1/p for 0 < p < ∞. The sharp maximal functionMA(f) associated
with the “approximation to the identity”{At, t > 0} is defined by

M#
A (f)(x) = sup

x∈Q

1

|Q|

∫

Q

|f(y) − AtQ(f)(y)| dy,

wheretQ = l(Q)2 andl(Q) denotes the side length ofQ. We denote the Muckenhoupt weights byA1, that
is (see [13]):

A1 = {0 < w ∈ L1
loc(R

n) : M(w)(x) ≤ Cw(x), a.e.}.
Throughout this paper,ϕ will denote a positive, increasing function onR+ for which there exists a

constantD > 0 such that
ϕ(2t) ≤ Dϕ(t) for t ≥ 0.

Let w be a weight function onRn (that isw is a non-negative locally integrable function) andf be a locally
integrable function onRn. Set, for1 ≤ p < ∞,

‖f‖Lp,ϕ(w) = sup
x∈R

n,
d>0

(

1

ϕ(d)

∫

Q(x,d)

|f(y)|pw(y) dy

)1/p

.

The generalized weighted Morrey spaces are defined by

Lp,ϕ(Rn, w) = { f ∈ L1
loc(R

n) : ‖f‖Lp,ϕ(w) < ∞}.

If ϕ(d) = dδ, δ > 0, thenLp,ϕ(Rn, w) = Lp,δ(Rn, w), which is the classical Morrey space (see [1, 16, 17]).
As the Morrey space may be considered as an extension of the Lebesgue space (the Morrey spaceLp,λ

becomes the Lebesgue spaceLp whenλ = 0), it is natural and important to study the boundedness of
the multilinear singular integral operator on the Morrey spacesLp,λ with λ > 0 (see [1, 9, 10]). The
purpose of this paper is twofold. First, we establish a sharpinequality for the multilinear singular integral
operatorT b with non-smooth kernels, and second, we prove the boundedness for the multilinear operator
on the generalized weighted Morrey spaces by using the sharpinequality.

We shall prove the following theorem.

Theorem 1. SupposeT is the singular integral operator with non-smooth kernels as Definition2. Let
1 < p < ∞, 0 < D < 2n, w ∈ A1, Dαbj ∈ BMO(Rn) for all α with |α| = mj andj = 1, . . . , l. ThenT b

is bounded onLp,ϕ(Rn, w), that is

‖T b(f)‖Lp,ϕ(w) ≤ C

l
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO



 ‖f‖Lp,ϕ(w).

117



Z. Xiaosha and L. Lanzhe

2 Proof of Theorem

To prove the theorem, we need the following lemmas.

Lemma 1 ([2]). Let b be a function onRn andDαb ∈ Lq(Rn) for all α with |α| = m and someq > n.
Then, forx 6= y,

|Rm(b; x, y)| ≤ C|x − y|m
∑

|α|=m

(

1

|Q̃(x, y)|

∫

Q̃(x,y)

|Dαb(z)|q dz

)1/q

,

whereQ̃ is the cube centered atx and having side length5
√

n |x − y|.

Lemma 2 ([12, 15]). Let T be the singular integral operator with non-smooth kernels as Definition2.
Then, for everyf ∈ Lp(Rn), 1 < p < ∞,

‖T (f)‖Lp ≤ C‖f‖Lp.

Lemma 3 ([8]). Let {At, t > 0} be an “approximation to the identity” andb ∈ BMO(Rn). Then, for
every locally integrable functionf , 1 < r < ∞ andx̃ ∈ R

n,

sup
Q∋x̃

1

|Q|

∫

Q

|AtQ((b − bQ)f)(y)| dy ≤ C‖b‖BMOMr(f)(x̃),

wheretQ = l(Q)2 andl(Q) denotes the side length ofQ.

Lemma 4 ([12, 15]). Let {At, t > 0} be an “approximation to the identity”. For anyγ > 0, there exists
a constantC > 0 independent ofγ such that

|{ x ∈ R
n : M(f)(x) > Dλ, M#

A (f)(x) ≤ γλ }| ≤ Cγ|{ x ∈ R
n : M(f)(x) > λ }|

for λ > 0, whereD is a fixed constant which only depends onn. Thus, forw ∈ A1 andf ∈ Lp(Rn),
1 < p < ∞,

‖M(f)‖Lp(w) ≤ C‖M#
A (f)‖Lp(w).

Lemma 5. Let{At, t > 0} be an “approximation to the identity”,1 < p < ∞, 0 < D < 2n andw ∈ A1.
Then, forf ∈ Lp,ϕ(Rn, w),

(a) ‖M(f)‖Lp,ϕ(w) ≤ C‖M#
A (f)‖Lp,ϕ(w);

(b) |Mq(f)‖Lp,ϕ(w) ≤ C‖f‖Lp,ϕ(w) for 1 < q < p.

PROOF. (a) Let f ∈ Lp,ϕ(Rn, w). For a cubeQ = Q(x, d) ⊂ Rn, note thatM(wχQ) ∈ A1 (see [8])
and by Lemma4, we get
∫

Q

|M(f)(y)|pw(y) dy ≤
∫

Rn

|M(f)(y)|pM(wχQ)(y) dy

≤ C

∫

Rn

|M#
A (f)(y)|pM(wχQ)(y) dy

≤ C

[

∫

Q

|M#
A (f)(y)|pM(w)(y) dy +

∞
∑

k=0

∫

2k+1Q\2kQ

|M#
A (f)(y)|p

(

sup
Q∋y

1

|Q|

∫

Q

w(z) dz

)

dy

]

≤ C

[

∫

Q

|M#
A (f)(y)|pM(w)(y) dy +

∞
∑

k=0

∫

2k+1Q\2kQ

|M#
A (f)(y)|p

(

1

|2k+1Q|

∫

B

w(z) dz

)

dy

]
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≤ C

[

∫

Q

|M#
A (f)(y)|pw(y) dy +

∞
∑

k=0

∫

2k+1Q

|M#
A (f)(y)|p w(y)

2nk
dy

]

≤ C‖M#
A (f)‖p

Lp,ϕ(w)

∞
∑

k=0

2−nkϕ(2k+1d)

≤ C‖M#
A (f)‖p

Lp,ϕ(w)

∞
∑

k=0

(2−nD)kϕ(d)

≤ C‖M#
A (f)‖p

Lp,ϕ(w)ϕ(d),

thus
‖M(f)‖Lp,ϕ(w) ≤ C‖M#

A (f)‖Lp,ϕ(w).

A similar argument as in the proof of(a)will give the proof of(b), we omit the details. �

Key Lemma. SupposeT is the singular integral operator with non-smooth kernel asDefinition2. Let
Dαbj ∈ BMO(Rn) for all α with |α| = mj andj = 1, . . . , l. Then there exists a constantC > 0 such that
for anyf ∈ C∞

0 (Rn), 1 < s < ∞ andx̃ ∈ Rn,

M#
A (T b(f))(x̃) ≤ C

l
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO



Ms(f)(x̃).

PROOF. It suffices to prove forf ∈ C∞
0 (Rn) and some constantC0, the following inequality holds:

1

|Q|

∫

Q

∣

∣T b(f)(x) − AtQT b(f)(x)
∣

∣ dx ≤ C

l
∏

j=1





∑

|αj|=mj

‖Dαj bj‖BMO



Ms(f)(x̃).

Without loss of generality, we may assumel = 2. Fix a cubeQ = Q(x0, d) andx̃ ∈ Q. Let Q̃ = 5
√

nQ
andb̃j(x) = bj(x) −

∑

|α|=mj

1
α! (D

αbj)Q̃xα. ThenRmj (bj ; x, y) = Rmj (b̃j ; x, y) andDαb̃j = Dαbj −
(Dαbj)Q̃ for |α| = mj . We write, forf = fχQ̃ + fχ

Rn\Q̃ = f1 + f2,

T b(f)(x) =

∫

Rn

∏2
j=1 Rmj+1(b̃j ; x, y)

|x − y|m K(x, y)f(y) dy

=

∫

Rn

∏2
j=1 Rmj (b̃j; x, y)

|x − y|m K(x, y)f1(y) dy

−
∑

|α1|=m1

1

α1!

∫

Rn

Rm2
(b̃2; x, y)(x − y)α1Dα1 b̃1(y)

|x − y|m K(x, y)f1(y) dy

−
∑

|α2|=m2

1

α2!

∫

Rn

Rm1
(b̃1; x, y)(x − y)α2Dα2 b̃2(y)

|x − y|m K(x, y)f1(y) dy

+
∑

|α1|=m1,
|α2|=m2

1

α1!α2!

∫

Rn

(x − y)α1+α2Dα1 b̃1(y)Dα2 b̃2(y)

|x − y|m K(x, y)f1(y) dy

+

∫

Rn

∏2
j=1 Rmj+1(b̃j ; x, y)

|x − y|m K(x, y)f2(y) dy

= T

(

∏2
j=1 Rmj (b̃j ; x, ·)

|x − ·|m f1

)

(x) − T





∑

|α1|=m1

1

α1!

Rm2
(b̃2; x, ·)(x − ·)α1Dα1 b̃1

|x − ·|m f1



 (x)
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− T





∑

|α2|=m2

1

α2!

Rm1
(b̃1; x, ·)(x − ·)α2Dα2 b̃2

|x − ·|m f1



 (x)

+ T









∑

|α1|=m1,
|α2|=m2

1

α1!α2!

(x − ·)α1+α2Dα1 b̃1D
α2 b̃2

|x − ·|m f1









(x)

+ T

(

∏2
j=1 Rmj+1(b̃j ; x, ·)

|x − ·|m f2

)

(x)

and

AtQT b(f)(x) =

∫

Rn

∏2
j=1 Rmj (b̃j; x, y)

|x − y|m Kt(x, y)f1(y) dy

−
∑

|α1|=m1

1

α1!

∫

Rn

Rm2
(b̃2; x, y)(x − y)α1Dα1 b̃1(y)

|x − y|m Kt(x, y)f1(y) dy

−
∑

|α2|=m2

1

α2!

∫

Rn

Rm1
(b̃1; x, y)(x − y)α2Dα2 b̃2(y)

|x − y|m Kt(x, y)f1(y) dy

+
∑

|α1|=m1,
|α2|=m2

1

α1!α2!

∫

Rn

(x − y)α1+α2Dα1 b̃1(y)Dα2 b̃2(y)

|x − y|m Kt(x, y)f1(y) dy

+

∫

Rn

∏2
j=1 Rmj+1(b̃j ; x, y)

|x − y|m Kt(x, y)f2(y) dy

= AtQT

(

∏2
j=1 Rmj (b̃j ; x, ·)

|x − ·|m f1

)

(x)

− AtQT





∑

|α1|=m1

1

α1!

Rm2
(b̃2; x, ·)(x − ·)α1Dα1 b̃1

|x − ·|m f1



 (x)

− AtQT





∑

|α2|=m2

1

α2!

Rm1
(b̃1; x, ·)(x − ·)α2Dα2 b̃2

|x − ·|m f1



 (x)

+ AtQT









∑

|α1|=m1,
|α2|=m2

1

α1!α2!

(x − ·)α1+α2Dα1 b̃1D
α2 b̃2

|x − ·|m f1









(x)

+ AtQT

(

∏2
j=1 Rmj+1(b̃j ; x, ·)

|x − ·|m f2

)

(x).

Then

1

|Q|

∫

Q

∣

∣T b(f)(x) − AtQT b(f)(x)
∣

∣ dx

≤ 1

|Q|

∫

Q

∣

∣

∣

∣

∣

T

(

∏2
j=1 Rmj (b̃j; x, ·)

|x − ·|m f1

)

(x)

∣

∣

∣

∣

∣

dx
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+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

∣

T





∑

|α1|=m1

1

α1!

Rm2
(b̃2; x, ·)(x − ·)α1Dα1 b̃1

|x − ·|m f1



 (x)

∣

∣

∣

∣

∣

∣

dx

+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

∣

T





∑

|α2|=m2

1

α2!

Rm1
(b̃1; x, ·)(x − ·)α2Dα2 b̃2

|x − ·|m f1



 (x)

∣

∣

∣

∣

∣

∣

dx

+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

∣

∣

∣

T









∑

|α1|=m1,
|α2|=m2

1

α1!α2!

(x − ·)α1+α2Dα1 b̃1D
α2 b̃2

|x − ·|m f1









(x)

∣

∣

∣

∣

∣

∣

∣

∣

dx

+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

AtQT

(

∏2
j=1 Rmj (b̃j ; x, ·)

|x − ·|m f1

)

(x)

∣

∣

∣

∣

∣

dx

+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

∣

AtQT





∑

|α1|=m1

1

α1!

Rm2
(b̃2; x, ·)(x − ·)α1Dα1 b̃1

|x − ·|m f1



 (x)

∣

∣

∣

∣

∣

∣

dx

+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

∣

AtQT





∑

|α2|=m2

1

α2!

Rm1
(b̃1; x, ·)(x − ·)α2Dα2 b̃2

|x − ·|m f1



 (x)

∣

∣

∣

∣

∣

∣

dx

+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

∣

∣

∣

AtQT









∑

|α1|=m1,
|α2|=m2

1

α1!α2!

(x − ·)α1+α2Dα1 b̃1D
α2 b̃2

|x − ·|m f1









(x)

∣

∣

∣

∣

∣

∣

∣

∣

dx

+
1

|Q|

∫

Q

∣

∣

∣

∣

∣

(T − AtQT )

(

∏2
j=1 Rmj+1(b̃j ; x, ·)

|x − ·|m f2

)

(x)

∣

∣

∣

∣

∣

dx

:= I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9.

Now, let us estimateI1, I2, I3, I4, I5, I6, I7, I8 andI9, respectively. First, forx ∈ Q andy ∈ Q̃, by
Lemma1, we get

Rm(b̃j ; x, y) ≤ C|x − y|m
∑

|αj |=m

‖Dαj bj‖BMO.

Thus, by the theLs-boundedness ofT (Lemma2), we obtain

I1 ≤ C

2
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO





1

|Q|

∫

Q

|T (f1)(x)|dx

≤ C

2
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO





(

1

|Q|

∫

Rn

|T (f1)(x)|sdx

)1/s

≤ C
2
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO





(

1

|Q|

∫

Rn

|f1(x)|sdx

)1/s

≤ C
2
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO





(

1

|Q̃|

∫

Q̃

|f(x)|s dx

)1/s
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≤ C

2
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO



Ms(f)(x̃).

ForI2, denotings = pq for 1 < p < ∞, q > 1 and1/q +1/q′ = 1, we have, by Lemma2 and Hölder’s
inequality,

I2 ≤ C
∑

|α2|=m2

‖Dα2b2‖BMO

∑

|α1|=m1

1

|Q|

∫

Q

|T (Dα1 b̃1f1)(x)| dx

≤ C
∑

|α2|=m2

‖Dα2b2‖BMO

∑

|α1|=m1

(

1

|Q|

∫

Rn

|T (Dα1 b̃1f1)(x)|p dx

)1/p

≤ C
∑

|α2|=m2

‖Dα2b2‖BMO

∑

|α1|=m1

(

1

|Q|

∫

Rn

|Dα1 b̃1(x)f1(x)|p dx

)1/p

≤ C
∑

|α2|=m2

‖Dα2b2‖BMO

∑

|α1|=m1

(

1

|Q̃|

∫

Q̃

|Dα1b1(x) − (Dαbj)Q̃|pq′

dx

)1/pq′
(

1

|Q̃|

∫

Q̃

|f(x)|pq dx

)1/pq

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

For I3, similar to the proof ofI2, we get

I3 ≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

Similarly, for I4, denotings = pq3 for 1 < p < ∞, q1, q2, q3 > 1 and1/q1 + 1/q2 + 1/q3 = 1, we
obtain

I4 ≤ C
∑

|α1|=m1,
|α2|=m2

(

1

|Q|

∫

Rn

|T (Dα1 b̃1 Dα2 b̃2f1)(x)|p dx

)1/p

≤ C
∑

|α1|=m1,
|α2|=m2

(

1

|Q|

∫

Rn

|Dα1 b̃1(x)Dα2 b̃2(x)f1(x)|p dx

)1/p

≤ C
∑

|α1|=m1,
|α2|=m2

2
∏

j=1

(

1

|Q̃|

∫

Q̃

|Dαj b̃j(x)|pqj dx

)1/pqj
(

1

|Q̃|

∫

Q̃

|f(x)|pq3 dx

)1/pq3

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

For I5, I6, I7 andI8, by Lemma3 and similar to the proof ofI1, I2, I3 andI4, we get

I5 + I6 + I7 + I8 ≤ C
2
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO





1

|Q|

∫

Rn

|AtQT (f1)(x)| dx

+ C
∑

|α2|=m2

‖Dα2b2‖BMO

∑

|α1|=m1

1

|Q|

∫

Rn

|AtQT (Dα1 b̃1f1)(x)| dx
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+ C
∑

|α1|=m1

‖Dα1b1‖BMO

∑

|α2|=m2

1

|Q|

∫

Rn

|AtQT (Dα2 b̃2f1)(x)| dx

+ C
∑

|α1|=m1,
|α2|=m2

1

|Q|

∫

Rn

|AtQT (Dα1 b̃1 Dα2 b̃2f1)(x)| dx

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

For I9, we write

(T−AtQT )

(

∏2
j=1 Rmj+1(b̃j; x, ·)

|x − ·|m f2

)

=

∫

Rn

∏2
j=1 Rmj+1(b̃j; x, y)

|x − y|m (K(x, y) − Kt(x, y))f2(y) dy

=

∫

Rn

∏2
j=1 Rmj (b̃j ; x, y)

|x − y|m (K(x, y) − Kt(x, y))f2(y) dy

−
∑

|α1|=m1

1

α1!

∫

Rn

Dα1 b̃1(y)(x − y)α1Rm2
(b̃2; x, y)

|x − y|m (K(x, y) − Kt(x, y))f2(y) dy

−
∑

|α2|=m2

1

α2!

∫

Rn

Dα2 b̃2(y)(x − y)α2Rm1
(b̃1; x, y)

|x − y|m (K(x, y) − Kt(x, y))f2(y) dy

+
∑

|α1|=m1,
|α2|=m2

1

α1!α2!

∫

Rn

Dα1 b̃1(y)Dα2 b̃2(y)(x − y)α1+α2

|x − y|m (K(x, y) − Kt(x, y))f2(y) dy

= I
(1)
9 + I

(2)
9 + I

(3)
9 + I

(4)
9 .

By Lemma1 and the following inequality (see [13])

|bQ1
− bQ2

| ≤ C log(|Q2|/|Q1|) ‖b‖BMO for Q1 ⊂ Q2,

we know that, forx ∈ Q andy ∈ 2k+1Q̃ \ 2kQ̃,

|Rm(b̃; x, y)| ≤ C|x − y|m
∑

|α|=m

(‖Dαb‖BMO + |(Dαb)Q̃(x,y) − (Dαb)Q̃|)

≤ Ck|x − y|m
∑

|α|=m

‖Dαb‖BMO.

Note that|x − y| ≥ d = t1/2 and|x − y| ∼ |x0 − y| for x ∈ Q andy ∈ Rn \ Q̃. By the conditions on
K andKt, we obtain

|I(1)
9 | =

∞
∑

k=0

∫

2k+1Q̃\2kQ̃

∏2
j=1|Rmj (b̃j ; x, y)|

|x − y|m |K(x, y) − Kt(x, y)| |f(y)| dy

≤ C
2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO





∞
∑

k=0

∫

2k+1Q̃\2kQ̃

k2 dδ

|x0 − y|n+δ
|f(y)| dy
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≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO





∞
∑

k=1

k22−δk 1

|2kQ̃|

∫

2kQ̃

|f(y)| dy

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

For I(2)
9 , we get

|I(2)
9 | ≤ C





∑

|α|=m2

‖Dαb2‖BMO





∑

|α|=m1

∞
∑

k=0

∫

2k+1Q̃\2kQ̃

k
dδ

|x0 − y|n+δ
|Dα1 b̃1(y)| |f(y)| dy

≤ C





∑

|α|=m2

‖Dαb2‖BMO





∑

|α1|=m1

∞
∑

k=1

k2−δk

(

1

|2kQ̃|

∫

2kQ̃

|Dα1 b̃1(y)|r′

dy

)1/r′

×
(

1

|2kQ̃|

∫

2kQ̃

|f(y)|s dy

)1/s

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

Similarly,

|I(3)
9 | ≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

For I(4)
9 , takingq1, q2 > 1 such that1/s + 1/q1 + 1/q2 = 1, then

|I(4)
9 | ≤ C

∑

|α1|=m1,
|α2|=m2

∞
∑

k=0

∫

2k+1Q̃\2kQ̃

dδ

|x0 − y|n+δ
|Dα1 b̃1(y)| |Dα2 b̃2(y)| |f(y)| dy

≤ C
∑

|α1|=m1,
|α2|=m2

∞
∑

k=1

(

1

|2kQ̃|

∫

2kQ̃

|Dα1 b̃1(y)|q1 dy

)1/q1
(

1

|2kQ̃|

∫

2kQ̃

|Dα2 b̃2(y)|q2 dy

)1/q2

× 2−δk

(

1

|2kQ̃|

∫

2kQ̃

|f(y)|s dy

)1/s

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

Thus

I9 ≤ C
2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



Ms(f)(x̃).

This completes the proof of Key Lemma.�

PROOF OFTHEOREM 1. Taking1 < s < p in Key Lemmaand by Lemma5, we obtain

‖T b(f)‖Lp,ϕ(w) ≤ ‖M(T b(f))‖Lp,ϕ(w)
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≤ C‖M#
A (T b(f))‖Lp,ϕ(w)

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



 ‖Ms(f)‖Lp,ϕ(w)

≤ C

2
∏

j=1





∑

|α|=mj

‖Dαbj‖BMO



 ‖f‖Lp,ϕ(w).

This finishes the proof. �

3 Applications

In this section we shall apply Theorem1 of the paper to the holomorphic functional calculus of linear elliptic
operators. First, we review some definitions regarding the holomorphic functional calculus (see [12, 15]).
Given0 ≤ θ < π. Define

Sθ = { z ∈ C : |arg(z)| ≤ θ }
⋃

{0}

and its interior byS0
θ . SetS̃θ = Sθ \ {0}. A closed operatorL on some Banach spaceE is said to be of

typeθ if its spectrumσ(L) ⊂ Sθ and for everyν ∈ (θ, π], there exists a constantCν such that

|η|‖(ηI − L)−1‖ ≤ Cν , η /∈ S̃θ.

Forν ∈ (0, π], let

H∞(S0
µ) = { f : S0

θ −→ C : f is holomorphic and‖f‖L∞ < ∞},

where‖f‖L∞ = sup{ |f(z)| : z ∈ S0
µ }. Set

Ψ(S0
µ) =

{

g ∈ H∞(S0
µ) : ∃s > 0, ∃c > 0 such that|g(z)| ≤ c

|z|s
1 + |z|2s

}

.

If L is of typeθ andg ∈ H∞(S0
µ), we defineg(L) ∈ L(E) by

g(L) = −(2πi)−1

∫

Γ

(ηI − L)−1g(η) dη,

whereΓ is the contour{ ξ = re±iφ : r ≥ 0 } parameterized clockwise aroundSθ with θ < φ < µ. If, in
addition,L is one-one and has dense range, then, forf ∈ H∞(S0

µ),

f(L) = [h(L)]−1(fh)(L),

whereh(z) = z(1+ z)−2. L is said to have a bounded holomorphic functional calculus onthe sectorSµ, if

‖g(L)‖ ≤ N‖g‖L∞

for someN > 0 and for allg ∈ H∞(S0
µ).

Now, letL be a linear operator onL2(Rn) with θ < π/2 so that(−L) generates a holomorphic semi-
groupe−zL, 0 ≤ |arg(z)| < π/2 − θ. Applying Theorem 6 of [12] and Theorem1, we get
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Theorem 2. Assume the following conditions are satisfied:

(i) The holomorphic semigroupe−zL, 0 ≤ |arg(z)| < π/2 − θ is represented by the kernelsaz(x, y)
which satisfy, for allν > θ, an upper bound

|az(x, y)| ≤ cνh|z|(x, y)

for x, y ∈ Rn, and0 ≤ |arg(z)| < π/2 − θ, whereht(x, y) = Ct−n/2s(|x − y|2/t) ands is a
positive, bounded and decreasing function satisfying

lim
r→∞

rn+ǫs(r2) = 0.

(ii) The operatorL has a bounded holomorphic functional calculus inL2(Rn), that is, for allν > θ and
g ∈ H∞(S0

µ), the operatorg(L) satisfies

‖g(L)(f)‖L2 ≤ cν‖g‖L∞‖f‖L2.

Then, for0 < D < 2n, w ∈ A1, Dαbj ∈ BMO(Rn) for all α with |α| = mj andj = 1, . . . , l, the
multilinear operatorg(L)b associated tog(L) is bounded onLp,ϕ(Rn, w), that is

‖g(L)b(f)‖Lp,ϕ(w) ≤ C

l
∏

j=1





∑

|αj |=mj

‖Dαj bj‖BMO



 ‖f‖Lp,ϕ(w).
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