
<4>,A)-ABSOLUTELY SUMMING OPERATORS

Nicolae Tita

Recibido: 7 febrero 1979

PRESENTADO POR EL ACADÉMICO NUMERARIO D. MANUEL VALDIVIA
UREÑA

Se introduce una clase de operadores que generalizan las clases de operadores,
(p-absolutamente sumables, (^-absolutamente sumables y se presentan unas pro-
piedades.

In this paper a new class of absolutely summing operators is intro-
duced wich is more general than the classes wich are introduced in
the papers [1], [2], [3], [6].

Let E, F be normed spaces and T : E —>• F a linear and bounded
operator (T É L(E, F)).

The functions(*) 0 of R. Schatten are defined in [5], [4] and the
functions <p in the paper [3].

Let R be the field of real numbers and c9 the space of all zero se-
quences

( * = | a v j Ç ct if lim*,- = 0).

c is the subspace of c0 wich contains the sequences of finite rank

( ) * , • { € / if *= | #,,...,*«, 0, 0,... í , «< « ).

The properties of the function $ are the following

$ : < ? — » - R + ; $(x+y)¿í$(x)+<!>(y), x,yÇ.c;

Q ( X # ) = I X I $(#) , X € R, x Ç c ;

0(i ,o ,o, . . . ) = i; o (*,,*,, . . . ,*„, 0,0, . . . ) =
= *<l*í,|. ï **,), •••,!*,•,, , 0,0,...),

(*) Norm (norming) functions.
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where

«i, h,..., »'»

is a permutation of

1,2,. ., n • ; 0 ( x ) — 0 iff x = 0,

The functions <p posses the following properties

9 - . R + — * R + ; ?(*+.?) ^ < p ( * ) + <p ( > ) ; < f ( x ) < t ( y ) i f f *<>;
<p (0) = 0 ; (p is continuous.

The conjugate function of $ with respect to the function *F is

4>|(*) = sup W(xyi , ¿=\x çè\xi^0(, xy=\*ífí,xlyt,...\[4]
y*k ®(y)

( In the particular case f * (x) = sup ^'y'' [5] I •
X y*k (y> '

DEriNixioN 1.1.—The operator T Ç L (E, F) is called ($, <p)—
absolutely summing if for all sequence of finite rank \Xi\ £ E exists
the constant c > 0 such that

« ( < P < l | T * , | | ) ) £ i sup 0 ( « f > ( | ( * , . , f l > | ) ) , a Ç E ' , wh.re E'
ll«ll^i

is the conjugate space of E.
This class is denoted it$,,, (E, P).

REMARK.—If

<t>(x) = ̂ (X} = ï\Xi\

results the class of <p — absolutely summing operators [3] and if <p
(x) = x results the class of absolutely 3> — summing operators [6] (see
also the A — summing operators). More particular if

i

0(*) = av(*) = ( E | * v | # ) < ' , / ^ i - ?( ' ) = '

results the class of / — absolutely summing operators [2].
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PROPOSITION 1.1.— ic»iÇ (E, F) is a quasinormed space with the
«quasinorm

* + l f ( T ) = « n f j í ^ O | * ( 1 p ( | | T * í | | ) ) . ¿ í supi 4 > ( < p ( | < * , - , a ) i ) ) ¡ .

PROOF.—Let be

T* € x#j9 ( ¿= l ,2 )

Hence

• ( f d l T » * / ! ! ) ) ^ ^ sup * ( ? ( ! < * * . <OD) , (¿ = 1,2)

*nd

« (?(II (Tt + T«) *,|| )) ¿ 4 > ( < p ( ||T,*,!! )) + *(?(|| T.^ll))^

= ( f ,+c 2 ) sup * ( < p ( | { * , - , « > |)
I I <« l l^ l

Thus

**, <p ( Ti + TS ) ̂  **, r (T« ) + **, <p (T» )•

Also if X Ç R and

T € *<J,,¥(E . F)

cesults

< 5 ( < f ( p T ^ | | ) ) ^ [ | X | l í . ( < p ( | | T ^ | | ^ [ l M ] ^ , ¥ ( T ) ,

[ | X | ] = i n f i » € N | X | ¿ « ( .

Hence

*fc f ( k T ) ¿ í [ | X | ] i c t i f (T) .

PROPOSITION 1.2. —If

T , € L ( E , F) , T , € « + i 9 ( F , G) .

then

T.T, eic^faG)
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and

«^(T.Ti^UITilll^,, (Ti).

If

T, €*« , 9 (E ,F) , T, Ç L (F, G),

then

T, T, €* í i f (E,G)

and

^(T.T.^niT.lt] - «t>f (T,).

PROOF.—If

T , € L ( E , F ) , T f € * t l f ( F , G )

results

«^(T.T,)^*^ [T.! • «np^t, ( |<Zí ,V«}| )^ : .

^,„(n-.)[|T,l,iÄ»(,( (x,^) ))-

b) 0(9( | |T JT l X l . | | ) )^[ | |T1 | | ]0(¥( | |T I) t , . | | ) )^

^[ | |T,HI** i f (T,) «up » ( ? ( | < X , , « > ! ) ) .
II «H

In the similar way that in the papers [2], [3] results

PROPOSITION 1.3. —If F is Banach space

«tif (E,F)

is complete.

PROPOSITION 1.4.—Let

® , « T **,,*.
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be norm functions. Then if

T€* t . , (E ,F)

results

T€*T . i f(B.P,.

PROOF.—
For all sequence

)«„•*<! € E, ",• e N

results

O ( < p ( II T «,-*,-11))^ ic, (T) sup 4>?( I {«,-*,-, a) Dá
II« II ^= !

a**, , (T) sup 0(«í • < p ( U * , - , « ) D)
'? II «lié i

Or

«(«• tdlT*,!!))^*^!) «ip^Ví«,) - TJ(f (!<*„«»),

0>K.y(||T.,|| ^ . t f (T) sup ^(»(K^).)!,
T («,-) '* lUll̂ i

Hence

TKIIT^ID^^ (T) sup y í ( f ( i ( * í ,«>D ( T Ç T t y * )
' U "II . *'*

2.—In this partis generalized the class of (p, r, s) — absolutely
summing operators [2] in the foilowing way

DEFINITION 2.1.—An operator T € L (Ë, F) is called (<£, f, X, <p>
absolutely summing

n '€* t > ¥ lx, f (E,F) )

if for all sequences \x¡\ Ç, E and \6¡\ £ F' exists the constant c> 0>
such that

* ( c ( |<T* í t * í ) l ) )¿ í sup T( i ( | ( *<,«)n) ««P ï (<P( I <**/> I»
lun^i iijfii^i
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where $, *F, X are norm functions such that

X ( * ) ^ *"$(*). V* € c.

REMARK . — For 0¿, ¥r, Xi and <p ( ï) = / results the class of (/, r
.s) — absolutely summing operators

IJL* 1 + JL\\ — ' /
\ p r s ìP

The properties of this class are similar to the properties of the class
•oc$i¥ . Here we insist to the inclusion relations

PROPOSITION 2.1.—If

T € Ko,ï- (x,¥

then

T C i c C * "ÏD1* C* m
fe * Xy* ' *y i X X ' f

where T, X are new norm functions

(?, ¿4= *!.*«)•

PROOF.—

4 ( f ( | ( T * , , * í ) | ) )¿ í sup T ( f ( | ( * / , « ) ! ) ) s u p x ( » ( ( | j r , * / > | ) )
II allei l l j ' l l^ l

Let be j a,- X,- j € E and | ß,- bf \ 6 F', where a,-, ß,- Ç N.
Then

0 (<p (I (Ta,.¿,-, p,-¿,-) | ))^

^ C sup T ( | («¡K, a ) \ ) } sup x ( < p ( | ( y , f i gf) | )) X
II = II ̂  i II j- II ̂  i

^* sup ¥(«,.) -Cf (<p(K*~,-, a} | ) • sup x'(ß,.) . ¿J ( f ( | ( > , Ã > D )
l l au r i !l>-ll^l X
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Menee

$ ( « , • • ß i ) ? ( | < T *,-,*,•> I )
^

¥ ( « , . ) - X (ß,'i

^c sup »Ff. ( < p < |<>,-, « > ! ) ) sup y : * ( ? ( | < ^ ¿ , - > | ) )
l la l l i II .v 11^1 X

•Or

^$(ß.- - < p ( <T¿,-, ¿,->|)) ./

X ( ß ' )
í¿f sup »F|(«p( |<>,- , « > ( ) ) sup x * ( ! p ( | < ^ ¿ , - > | ) )

Il·Iai \\y\\^í

íHence

X||(9( <T^-- A>P)^

^í SUp Wy ( < p ( l < * í , « > | ) > SUp Xv (?«>-- *,->!)
II«11^1 « J / l l ^ l *

Thus if

T 6«# ,T l 3 [ , , (
E ' F )

•fesults

T ^x | r 5í ,x x *, ? < E ' F ) -

-References

[1] DUBINSKII, ED. and RAMANUJAN, M. 1971. Inclusión theorems
for absolutely ^-summing maps. «Math. Ann.», 192, 177-190.

[2] PIETSCH, A. 1972. Theorie der Operatorenideale (Zusammenfas-
sung), Jena.

![3] ROSENBERG, B. 1971. F- normideale von Operatoren in normier-
ten Räume. «Berichte Ges. Math. Detenv.», Bonn, 44.

[4] SALINAS, N. 1974. Symétrie norm ideals and relative conjugate
ideals. Trans. AMS 188, 2.

;[5] SCHATTEN, R. 1960. Norm ideals of completely continuous ope-
rators. Springer Verlag, Berlin.

f[6] TITÀ, N. 1973. Remarks on some classes of linear operators.
«Analele Univ. Bucuresti, 1, 113-115.

University of Bras,ov, Romania


